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Abstract. In this paper, we study the global Kahler-Ricci flow on a complete 
, non-compact Kahler manifold. We prove the following result. Assume that 

rf^ • (M, go) is a complete non-compact Kahler manifold such that there is a potential 

function / of the Ricci tensor, i.e., 

W> = fir 

Assume that the quantity |/|,-o + IV^/lgo is finite and the L2 Sobolev inequality 
holds true on (M, go). Then the Kahler-Ricci flow with the initial metric g either 
blows up at finite time or infinite time to Ricci flat metric or exists globally with 
Ricci-flat limit at infinite time. A related is also discussed. 
Mathematics Subject Classification 2000: 53Cxx,35Jxx 
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1. Introduction 

In the study of Ricci flow, the main problem is to understand the global behavior 
of it ifTTTl . Since one may meet singularities of Ricci flow in finite time, it is inter- 
esting to know the singularity structure of the Ricci flow. R.Hamilton conjectures 
that after suitable normalization, the Ricci flow at the blow-up point look like a 
Ricci soliton. In this paper, we study the global behavior of the Kahler-Ricci flow 
on a complete non-compact manifold with bounded curvature and we show in this 
case Hamilton's conjecture is right. We remark that the local existence of the flow 
has been proved by W.Shi [20] and we use this local flow in this paper. 

We prove the following result. 

Theorem 1. Assume that (M n ,go) (n = dinicM) is a complete non-compact Kahler 
manifold with bounded curvature and there is a potential function f of the Ricci 
tensor, i.e., 

Ri](go)=fij. 

Assume the quantity |/| c o + \^g a f\c° infinite. We also assume that the L 2 Sobolev 
inequality holds true on (M,go). Then the Kahler-Ricci flow with the initial metric 
go either blows up at finite time or infinite time to Ricci flat metric or exists globally 
with Ricci-flat limit at infinite time. 

Our assumptions are nature and as a comparison, one may look the results in |@). 
Note that in the statement of our result, we assume L 2 Sobolev inequality, namely, 
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there exists a global constant C > such that for any u e C^{M, go), 



C([ \u\ 2nl{n - l dV) (n - l)ln < C f (\V g0 u\ 2 + u 2 )dV), 



Jm Jm 



which implies the Gross-Log Sobolev inequality and the non-local-collapsing for 
the metric go. In our proof of Theorem[U we shall use the the equivalent inequality 
for the W-functional introduced by Perelman ifTTl (and see J9] for more discus- 
sions). 

Without the non-local-collapsing for the metric go, we have the following result. 

Theorem 2. Assume that (M, go) is a complete non-compact Kahler manifold with 
bounded curvature and there is a potential function f of the Ricci tensor, i.e., 



Assume only I V go /| c o is finite and the initial metric has non-negative bisectional 
curvature. There is a global Kahler-Ricci flow with the initial metric go- 
To understand the global behavior of the Kahler-Ricci flow established by W.Shi 
BUI , we need to use some invariants for the various curvature quantities. As in- 
dicated in the famous work of Chen-Tian [7 ], the problem of the positivity of the 
Ricci curvature under the Kahler-Ricci flow is central for understanding the conver- 
gence of the Kahler-Ricci flow on Kahler-Einstein manifolds. It is well-known that 
the Kahler-Ricci flow preserves the positivity of the curvature operator, the posi- 
tivity of the bisectional curvature and the positivity of the scalar curvature. Phong 
and Sturm [16 ] have found that the positivity of the Ricci curvature is preserved by 
the Kahler-Ricci flow on compact Kahler manifolds of dimension 2, under the as- 
sumption that the sum of any two eigenvalues of the traceless curvature operator on 
traceless (l,l)-forms is non-negative. Since their argument only uses the maximum 
principle, one may easily extend their result to a complete noncompact manifold 
with the same curvature assumptions above. As applications of our Theorem \T\ 
we can prove that in both cases as above, there are global Kahler-ricci flow on the 
Kahler manifold with Ricci flat metric as its limit at time infinity. 

We remark that one may formulate more convergence results using the invariant 
set constructed by B.Wilking ED . who finds almost all invariant curvature condi- 
tions of Ricci flows iflOl 151151151 ifUlllTBI 

The plan of the paper is below. In section |2l we consider the non-local collaps- 
ing result obtained by using Perelman's W-functional. In section [3j we consider 
the scalar curvature bound found by R.Hamilton and B.Chow in our Kahler-Ricci 
flow case. In sections 0] and sect5, we prove Theorem [TJ We consider some conse- 
quences of our Theorem Q] in the last section. 



We now recall some facts about Perelman's W-functional on a Riemannian man- 
ifold (M",g). First G.Perelman [17] defines the F-functional as 



Rn(go)=fil. 



2. NON-LOCAL-COLLAPSING AND PERELMAN'S W-FUNCTIONAL 
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where dm - e~^dv g is a fixed measure and R is the scalar curvature of the metric g. 
This functional is an extension of Hilbert action on the Riemannian metric space 
on M. Let v and h be the variations of g and / respectively. Since dm is fixed, we 
have the relation 

h = trfrv/2. 

Then we have 

6F(v, h) = - J {v,Rc{g) + D 2 f)dm 
where Rc(g) is the Ricci tensor of g and D 2 f is the Hessian matrix of the function 

For any fixed parameter r > 0, the W-functional is defined by 

W{g, f) = W(g, f,r)= f [T(R + |V/| 2 ) + / - n](47rT)- n/2 dm. 
Jm 

That is, 

W(g,f) = (47iTy n/2 TF(g,f) + (4xT)- n/2 f (f- n)dm. 

JM 

The importance of W-functional is that it is diffeomorphism invariant. 
Then we have 

SW(v,h) — — t | (v,Rc(g) + D 2 f - —g)(4nTT nl2 dm. 
Jm 2t 

Hence the L 2 gradient flow of W(g, f) is 

d t g = -2(Rc(g) + D 2 f-^-g) 

with 

f t = -A g f-R+± 

Let (p(t) be the flow generated by the time-dependent vector-field V g f. Let g(t) - 
<f>(t)*g(t) and f(t) = <f>(ty f(t). 
Then we have 

dfg = -2iRcig) - If) 



with 

Let Cis) = 1 - | , 
and 

Then we have 
and 



2t 



f t = -A g f-R + \W s f\ 2 + -. 



US) = -TlogCCs). 

gis) = Cis)gitis)). 
d t g = -2Rcig) 



f t = -A g f-R + \V g f\ 2 + 



2tC(s) 
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Define 

H(g,T)=M{W(g,f,T), f dm = \). 

JM 

Then for any fixed t > 0, along the Ricci flow, p(g(t), t) is non-decreasing. 

We assume that the scalar curvature of the Kahler-Ricci flow is uniformly bounded, 
which can be proved in our situation (see section [3]> as in Theorem Q] In a Kahler 
manifold (M n , g) (where n is the complex dimension), we normalize the W-functional 

as 

W(g,f,T) = (4nTT n f [2r(R + \Vf\ 2 )+f-2n]e^dV 

JM 

with (47tt)"" f e~ f dV = 1 and define 

f4g,T)= inf W(g,f,r) 

f\{4nr)-" J M e-fdV=l 

Note that for u - e~^ 2 , we have 

(4flT) - " f u 2 dV = 1 
JM 

and 

W(g, /, t) - (47tt)~' ! I [2t(/?m 2 + 4|Vw| 2 ) + log 2 u - 2nu 2 ]dV 

JM 

which will be written as W(g, u, t). This latter formulation allows us to define the 
W-functional for u e C^°(M) and this fact is very useful in analyzing the properties 
of W-functional. 

The important result about W-functional is the non-local collapsing result due 
to G.Perelman: Using this property and scalar curvature bound of the Ricci flow, 
we can get the non-local-collapsing at any finite time, and the non-collapsing data 
depends only on the initial metric and the global scalar curvature bound. For the 
full proof of this result, one may refer to G.Perelman's paper ifTTl . See also Sesum- 
Tian's paper |fl9l on compact Kahler manifold. We remark that the argument can 
be carried out to our complete non-compact case. 

3. UNIFORM SCALAR CURVATURE BOUND 

In this section, we follow the method of B.Chow [8 ] to get an uniform bound for 
the scalar curvature of the global Kahler-Ricci flow. 

Theorem 3. Assume that there is a potential function f on M such that 

Ri](go)=fi] 

with bounded gradient \V go f\ c o. Then there is a smooth function f - f(t) such that 

Ri](g(t)) = f(t)i] 

and we also have some uniform constant Cq > depending only on the initial 
metric such that 

R + \V m f\ 2 < C„. 

This result is due to R.Hamilton as pointed out by B.Chow (H. 
We also have 



KAHLER-RICCI FLOW ON COMPLETE NON-COMPACT MANIFOLDS 



5 



Theorem 4. Assume the same condition for the global Kahler-Ricci flow g(t) with 
the potential function f being a bound function. Then we also have some uniform 
constant C\ > depending only on the initial metric and the dimension n such that 

R + \V g{t) f\ 2 <CJt. 

WE now prove Theorem [3] 
Proof. Since 

Rq = -did-j\ogdet{g k j) = didjf, 

we have 

R = 8 i] ViV]f = A/ 

and 

d t R fj = -ViV](g kT d t g k i) = V.-VjR. 
The latter is equivalent to 

V/Vj/ t - ViV-Af. 



That is, 
We let 

Then we have 

and 

Hence, 

and 



didj(d t - A)f = o. 

<P = - { (d t -A)f. 
Jo 

0(0) = 0, <t> t = -(d t -A)f, 

d t djdj(f> = didjcp, - 0. 

didjcf) = 0, 
Rq = didjif + <f>), R = A(f + <p), 



(d, - A)(f + <p) = 0, on Mx [0, T). 
Starting from now, we replace fbyf + (f>, which is still denoted by / for sim- 
plicity. 
Using 

r = A(f + 0) = d t (f + 0), 

we can write 

if + m = /(O) + 



Jo 



which has bounded gradient in any finite time. 

Recall that the scalar curvature evolution equation is 

(1) (<9 f - A)R = \Rq\ 2 - 

By this, we have 

(d t - A)R > -R 2 . 

n 

Applying the maximum principle we get the lower bound R > - 'j. 
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Recall that 
Then we have 



|V/| 2 = g kJ f k fj. 



W| 2 = R kl f k fi + g kl (Af) k fi + g k 'MAf)j 
Using the Bochner formula we then get 

d t \Vf\ 2 = A|V/| 2 - tff - tff. 

Using Rfj = ff: again, we then get 



>j -"j 

(2) d t \Vf\ 2 = A|V/| 2 - \fij\ 2 - \R fj \ 2 

Adding (Q]) and 2© we obtain 

d t (2\Vf\ 2 +R) = A(2|V/| 2 + R) - 2\f^ - \R$ < A(2|V/| 2 + R). 
Applying the maximum principle we know that 

2|V/| 2 +tf< sup [2|V/| 2 (0)+ /?(())]. 

M 

In particular, we have 

7?<C :=sup[2|V/| 2 (0) + /?(0)]. 

M 

This finished the proof of Theorem [3] □ 

The proof of Theorem |4] is similar and for completeness, we represent its proof 
in full detail. 

Proof. We now recall the following Bernstein type estimate. Note that from 

(8 t - A)|V/| 2 < 0, 

we can deduce that 

(d f -A)( ? |V/| 2 )<|V/| 2 . 

Consider the equation 



Then 



(d t - A)/ 2 = 2|V/| 2 



(d t -A)(t\Vf\ 2 +f 2 )<0. 



Using the maximum principle we get that 

t\Vf\ 2 + f 2 <C 

where C is some uniform constant depending only on the initial data fo. In partic- 
ular, we have |V/| 2 < j. We shall use this fact in B. Chow's argument. 
By direct computation, we have 

(3) (8 t - A)[?(|Vf | 2 + R)] < --R 2 +R + 2|V/| 2 . 

n 

Note that 

tit , , 4tNf\ 2 , 

-R 2 = -(R + 2|V/| 2 ) 2 - -^L(R + |V/| 2 ). 
n n n 
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Then we get from (0 that 

(d t -A)[t(\Vf\ 2 +R)] <-l(R + 2\Vf\ 2 ) 2 
<4! -i/? 2 + /? + 2|V / | 2 + l^(/? + |V / | 2 ). 

Assume that R > 0, using |V/| 2 < j, we obtain from (01) that 

(5,-A)[f(|V/| 2 +/?)] < + 2|V/| 2 ) 2 
W -i/? 2 + C(tf + 2|V/| 2 ). 

Note that the term R + 2|V/| 2 is bounded by C , and if # > and + 2|V/] 2 ) > 
2CCo, we then have 

(d t -A)[t(\Vf\ 2 +R)]<0. 

As in ll20l . any T > 0, we construct a distance like positive function h(x) such 
that for any te [0, T], 

A g(t) fc < 1, 

and 

h(x) — > oo 

as x) — > oo, where x is a fixed point in M. Define the domain 

Q T = {(x, t)eMx (0, T],R > 0, -(R + 2|V/| 2 ) > 2CC }. 

Note that in Q. T , for e > 0, 

(fl, - A)[f(|V/| 2 + /?) + 2rt - efc(jt)] 

= (d t - A)[t(\Wf\ 2 + R)] -2e + eA g(t) h(x) 

< -e < 0. 

Since the region U e for the function ?(|V/| 2 +R)-2et-eh(x) > 2CCq is compact 
and using the maximum principle in U e , we know that 

t(\Vf\ 2 + R) < 2CC + let + eh{x\ (x, f)eU e f~] Q. T - 

Note that Qj - Ue>o Ue an d £4 c U e > for £ > e' . Then for any (xo, to) £ ^r, 
we have some eo > such that 

(x ,t ) e U e 

for any < e < gq and 

f(|V/| 2 + R)(x , t ) < 2CC + 2et Q + eh(x ). 
Letting e — > 0, we have 

t(\Vf\ 2 +R)(x ,to)<2CCo, 
That is to say, in Or, we have 

?(|V/| 2 +/?)<2CC . 

Therefore, for any T > 0, we always have \R\ < 2 max(CCo, n)/t in M x (0, T). 
This completes the proof of Theorem 0] 

□ 
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4. GLOBAL FLOW AND FINITE TIME BLOW-UP IS RlCCI FLAT 

In this section we shall prove Theorem [2] 

Using our recent result about extension result of Ricci flow lfl2l . which extends 
the beautiful result of N.Sesum on compact manifold, we know that if the Kahler- 
Ricci flow blows up at first finite time T, then the Ricci curvature must blow up 
at time T. Using the scalar curvature bound of the Kahler-Ricci flow in previous 
section, we can show the Ricci-flatness of the blow up limit of the flow. 

Theorem 5. Assume the conditions as in Theorem^ If the Kahler-Ricci flow exists 
only in finite time, then its blow-up limit at the maximal time exists and it is Ricci 
flat. 

To prove this result, we need to recall Hamilton's Cheeger-Gromov convergence 
theorem for Ricci flows. 

Theorem 6. ( Compactness theorem for ricci flows) Assume that (M", gj(t), xj), t e 
(a, b) 3 0, is a sequence of complete pointed solutions of Ricci flows satisfying the 
following two conditions. 

(1) (Uniform bounded curvature condition) 

\Rm(gj(t)) gj(t) <C, M»x(a,b) 

(2) (Uniform injectivity radius bound at (xj, 0)) 

inj g j(p)(Xj) >8>0. 

Then there exists a subsequence of the solutions (M",gj(t),Xj) which converges 
as j — > oo to a pointed complete Ricci flow (M£,, g<x,(t), Xoo),t e (a,b) 3 0, with 
above two conditions. 

The process to prove Theorem[5]is below. First we note that by using Perelman's 
non-local-collapsing result at any finite time, we can applying Hamilton's Cheeger- 
Gromov convergence theorem to take the blow-up limit #«>(/). Then we use the 
uniform scalar curvature bound of the original Ricci flow to obtain R(goa) = 0, 
which implies the Ricci flatness of the limit metric g^. 

Proof, (for Theorem [5]>. Let T < oo be the first blow-up time of the Ricci flow 
(M,g(t)). Choose some constants C > 0, the finite time tj — > T- and take points 
Xj such that 

sup \Rm(g(t))\ < CKj 

Mx[tj-C- l Kj [ ,tj] 

where Kj = \Rm(g(t j))\(x j) — > oo. Define 

gj (t) :=Kjg(t j + Kj l t). 

Clearly we have \Rm(gj(f))\ < C and \R(gj(t))\ < C/Kj 1 -> . Using Perelman's 
non-local collapsing result we know that the injectivity radius bound condition in 
Theorem [6] is satisfied. By Theorem [6] we get the limit Ricci flow goa(t) of gj(t) 
with \Rm(goa(t))\ < C and (0) = for f e (-oo, oS). Using the scalar curvature 
equation for Ricci flow 

(d t - A)R = \Rc\ 2 , 
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we get that Rc(goo(t)) = 0. This completes the proof of Theorem [5] □ 

We now prove Theorem |2 Assume that we have a local Kahler-Ricci flow with 
initial metric go with bounded curvature and non-negative bisectional curvature. 
Using the result of Bando-Mok, we know that the non-negativity bisectional cur- 
vature is preserved along the flow. Hence the Ricci curvature is non-negative along 
the Ricci flow. Using the scalar curvature bound and non-negativity Ricci curva- 
ture condition, we get via the use of the elementary relation Rq < Rgq the uniform 
bound for the Ricci curvature. Then using Theorem 1.4 [12J, we know that the 
Kahler-Ricci flow exists globally with bounded curvature. 

5. GLOBAL KAHLER-RlCCI FLOW AND ITS LIMIT AT t - OO 

In this section, we prove that there is non-collapsing for the global Kahler-Ricci 
flow on M. Assume this is true. If the curvature blow-up at infinite time, we then 
can take the similar blow-up limit as in the finite time case and show that it is Ricci 
flat. Otherwise, the curvature of the flow is uniformly bounded and we can simply 
take the limit, which is scalar flat at first. Using the evolution equation 

(d t -A g{t) )R = \Rc(g(t))\ 2 , 

again we know that the limit is also Ricci flat. 
This completes the proof of Theorem [T] 

6. CONSEQUENCES OF THEOREM [TJ 

We give two applications of Theorem Q] One is for the metric go with non- 
negative bisectional curvature, which implies the non-negativity of the Ricci curva- 
ture. Note that the non-negativity of the bisectional curvature property is preserved 
by Kahler-Ricci flow as proved by Bando-Mok as mentioned in the introduction. 
Note that in this case, the scalar curvature dominates other curvatures. Since we 
have global bound of the scalar curvature of the Ricci flow, we must have the global 
Kahler-Ricci flow with bounded curvature. Hence by Theorem [Q the flow is global 
one and has its limit at t - oo the Ricci flat metric. Then we have the following 
result. 

Theorem 7. Assume that (M, g) is a complete non-compact Kahler manifold with 
bounded curvature such that there is a potential function f of the Ricci tensor, i.e., 

R i j(8o) = f i] - 

Assume the quantity |/| c o + |V go /| c o is finite. Suppose the initial metric has non- 
local-collapsing and the L 2 Sobolev inequality holds true on (M, go). Assume also 
that the initial metric has non-negative bisectional curvature. Then the Kahler- 
Ricci flow with the initial metric go exists globally with Ricci-flat limit at infinite 
time. 
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The other is for complex dimension two, where we assume that (M, g) is a com- 
plete non-compact Kahler surface with the bounded curvature, positive Ricci cur- 
vature, and positive partial curvature operator S in the case handled by Phong- 
Sturm [16]. We make this precise and define the partial curvature operator 

s i]kl ~ R fjkl ~ ~( S fj 5 kl + s i] s u) + ~^ R6 Q 6 kl 

acting on the space of traceless (1,1) forms on M. Here, R^g is the curvature tensor 
of g,S i] = R i] -lRg i] . 
Then we have 

Theorem 8. Assume that (M, g) is a complete non-compact Kahler surface with 
bounded curvature such that there is a potential function f of the Ricci tensor, i.e., 

Ri](go)=fij. 

Suppose the quantity \f\ c o + |Vg /| c o is finite. Assume that the initial metric has 
non-local-collapsing and the L 2 Sobolev inequality holds true on (M, go). Assume 
also that the initial metric has non-negative non-trivial Ricci curvature and the 
non-negative sum of the two lowest eigenvalues of the operator S acting on the 
space of traceless (1, 1) forms on M. Then the Kahler-Ricci flow with the initial 
metric go exists globally with Ricci-flat limit at infinite time. 
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